Some new results for finding all convenient moduli m for a complex numbertheoretic transform with given transform length n and given primitive rath root of unity modulo m are presented. The main result is based on the prime factorization for values of cyclotomic polynomials in the ring of Gaussian integers.
Introduction.
With the rapid advances in large-scale integration, a growing number of digital signal processing applications becomes attractive. The numbertheoretic transform (NTT) was introduced as a generalization of the discrete Fourier transform (DFT) over residue class rings of integers in order to perform fast cyclic convolutions without roundoff errors [7, pp. 158-167] , [10, pp. 211-216] , [3] . The main drawback of the NTT is the rigid relationship between obtainable transform length and possible computer word length. In a recent paper [4] , the authors have discussed this important problem of parameter determination for NTT's in the ring of integers by studying cyclotomic polynomials.
The advantage of the later introduced (see [7, pp. 210-216] , [9] , [10, pp. 236 -239], [5] ) complex number-theoretic transforms (CNT) over the corresponding rational transforms is that the transform length is larger for the same modulus. In this note, we consider the problem of parameter determination for CNT, and we extend the results of [4] to the ring of Gaussian integers.
Primitive
Roots of Unity Modulo m. By Z and I[i] we denote the ring of integers and the ring of Gaussian integers, respectively. We denote the conjugate complex number of z e l[i] by z. The norm N(z) of z = x + yi S 2{i] is defined as N(z) -x2 + y2. If N(z) is odd, then we say that z e I[i] is odd. Note that 2[i] is a Euclidean ring (see, for instance, [6, pp. 178-187] ).
In Z [z] there are the following primes: The number \+i and its associates; the rational primes = 3 mod 4 and their associates; the Gaussian integers whose norms are rational primes = lmod4 (see [6, pp. 218-219] 
The following theorem gives criteria for a Gaussian integer to be a primitive nth root of unity modulo m. We denote the nth cyclotomic polynomial by <3>n. (1) $n(e) = Omodm, GCD(n,m) = 1; (2) en = 1 mod m, GCD(ed -1, m) = 1 for every divisor d > 1 of n such that n/d is a rational prime; (3) en = lmodm, GCD(N(ed -l),N(m)) = 1 for every divisor d> 1 of n such that n/d is a rational prime; (4) m is a primitive divisor of en -1.
The concept of the primitive nth root of unity modulo m is essential in the following context. Let x = [xr,,..., x"_i] and y = [y0)..., yn-i} be two n-dimensional vectors with Gaussian integers as components. Note that the equality of such vectors x and y is defined by xk = t/^modm, k = 0,...,n -1. The complex number-theoretic transform (CNT) of length n with e e I[i] as a primitive nth root of unity modulo m, and its inverse, are defined to be the following mappings between n-dimensional vectors x = \x0, ■ ■ ■, x"-X] and X = \Xo, ■ ■ ■, Xn-X}:
where n'n = lmodm (see [7, p. 211] , [10, p. 238] , [3] ). Note that there exists such an integer n' because of GCD(n, m) = 1 (see Theorem 1, (1)). The CNT possesses properties resembling those of the DFT, particularly the cyclic convolution property ([7, pp. 211-212] , [3] ).
For given transform length n and given e € Z[¿], one has to choose the modulus m by Theorem 1 as a divisor of $>"(e) which is relatively prime to n, or as a primitive divisor of en -1. In practical applications, the following lemmas are helpful. LEMMA 1. Let n,r e I, n > 2, 1 < r < n. Assume that m e ~l[i\, N(m) > 5, is an odd Gaussian integer.
(1) Let GCD(r, n) = 1. If e e Z[z] is a primitive nth root of unity modulo m, then er is a primitive nth root of unity modulo m. (2) Let n > 2 be even. By
we obtain the second part of the lemma by Theorem 1,(1). □ Remark. Lemma 3 improves recent results of [5] , [7, pp. 211-214] and [2] . Only the special cases e = (1 + i)k and e = 2^(1 + i), k > 1, were considered in the literature.
The following Lemma 4 gives a detailed overview in the case e = 1 + i of Lemma 3. Such a case is important for practical applications, because the arithmetic in a digital computer is easy to perform for primitive nth roots of unity modulo m with a simple binary representation. Remark. For e e 2[i], the value i>"(e) of the cyclotomic polynomial is a Gaussian integer, in general. But in some cases we have $n(e) e 2, for example, *8n(l + *')=*2n(-4)€Z, n > 2.
Then Theorem 1,(1) implies that only divisors of $2n(-4) which are relatively prime to 2n are possible moduli m, such that e = 1 +1 is a primitive (8n)th root of unity modulo m. In this case, the possible moduli can be obtained from the rational prime factorization of <I>2n(_4). Another way is to determine the primitive divisors of (1 + ¿)8n -1, where
The rational prime factorizations of bn ± 1 for b -2,3,5,6,7,10,11,12 up to high powers of n are tabulated in [1] . Table 1 lists some important special cases for practical applications in digital signal processing. We present explicitly all possible rational moduli for some CNT's with mixed-radix length and e = 1 + i. These results are new (compare with [7, p. 214] It is sometimes desirable to compute cyclic convolutions with improved dynamic range. In this case, the same cyclic convolution can be computed modulo several relatively prime integers mi,... ,mr, and the final result can be obtained modulo Table 1 ). 3 . Construction of Convenient Moduli. From the numerical point of view, the following three essential conditions on CNT's are required:
-The transform length n has to be large enough and highly factorizable in order to implement fast algorithms. -The primitive nth root e of unity modulo m should have a simple binary representation, so that the arithmetic modulo m is easy to perform. -The modulus m has to be large enough to avoid overflow, but on the other hand small enough so that the machine word length is not exceeded. Furthermore, m should have a simple binary representation.
Therefore, we determine all possible moduli m for given length n > 4 and given e G 2[i], N(e) > 2, such that e is a primitive nth root of unity modulo m. We solve this question by studying cyclotomic polynomials. The following theorem on the prime factorization of $"(e) for e G Z[t] is a generalization of a known result of Kronecker (see [8, pp. 164-168] ) and is proved in [12] . We see that the prime divisors of $n(e) can be characterized by certain congruence conditions. THEOREM 2 ( [12] ). Let n > 4, and let e G Z[t], N(e) > 2, be given. Further, let p be the greatest rational prime factor of n with p*\n and pt+1 f n, t > 1. The number q e 2\i\ is defined as follows: 2 if n = 2', t > 2, and e is odd, p if p = 3 mod 4 and ordp(e) = n/pl, q = c c if p = lmod4, N(c) = p and ordc(e) = n/pl ^ ordg(e), p if p= lmod4, N(c) = p and ordc(e) = n/pl = ord¿-(e), 1 otherwise.
Then the value $"(e) of the nth cyclotomic polynomial <!>" possesses a prime factorization of the following type Examples. In the case e = 2i and n = 4p, where p > 3 is a rational prime, we obtain q = The advantage of the CNT over the corresponding rational transform is that the transform length is larger for the same modulus (see Table 2). TABLE 2 Parameters e, ra and m for CNT's, where m e Z[t], N(m) > 5, is an arbitrary divisor of $n(e)/g, such that e is a primitive rath root of unity modulo m. Here the integer q is explained in Theorem 2. (2"' -1)(2"' ' -1) for all x, w e 2. Hence, e' = 18 is a primitive 5th root of unity modulo 41. In order to perform a simple binary arithmetic for an NTT with e' = 18 as primitive 5th root of unity modulo 41, we can set e' = 2j with j = 9 mod 41 and j2 = -1 mod 41.
Roots of Unity Modulo a Mersenne Prime. In order to implement fast transforms in digital computers, moduli m with simple binary representation are important for practical applications. Hence prime moduli of the form m = 2P -1, where p is a rational prime, are studied very intensively (see [7, pp. 203-208 and hence (7) (a + bi)2" =(a + bi)m+1 =a2 + b2 = N(e) mod m.
(2) By
the integers m2-l andm-1 have the same rational prime divisors pi = 2,p2,... ,psFrom (7) it follows that the condition Proof. By Theorem 1,(1) and by GCD(2,m) = 1, we have only to show that (8) (a + bi)2" + 1 = 0modm.
(1) By the first step of the proof of Theorem 5, we have (7) . By assumption, it follows that (9) a2 = 22""1modm, b2 = (-3)2""1 modm.
(2) Both 2 and -3 are quadratic residues modulo m = 2P -1 (see [8, p. 136 with (m + l)/2 = 2p_1. From (7), (9) and (10) 
